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Introduction. Roughly speaking, a cone structure is a manifold together with 
a link each of whose component has a cone angle attached. It is a kind of singular 
manifold structure. If each cone angle is of the form 27r/n, for some integer n, the 
cone structure becomes an orbifold structure. Unlike an orbifold structure, the cone 
structure is not a natural concept, but it turns out to be very important in the study 
of geometric orbifolds. 

In this paper, we will consider 3-dimensional geometric cone structures. The main 
result in this paper is an existence and uniqueness theorem for 3-dimensional hyperbolic 
cone structures. 

Theorem A. Let H be a hyperbolic link with m components in a 3-dimensional 
manifold X . Then the moduli space of marked hyperbolic cone structures on the pair 
{X, S) with all cone angles less than 27r/3 is an m- dimensional open cube, parameterized 
naturally by the m cone angles. 

Theorem A is an analogue of Mostow's rigidity theorem. If we have two hyperbolic 
cone structures Ci and C2 with cone angles less than 27r/3, then Ci and C2 are isometric 
if and only if there is a homeomorphism between [Xi, Si) and (X2, S2) so that corre- 
sponding cone angles are the same. The proof of the theorem goes in a similar way as 
Thurston proposed for the proof of his geometrization theorem for orbifolds [T2] . As a 
corollary, we will give a proof of the following special case of Thurston's geometrization 
theorem. 

Corollary B. If M is an irreducible, closed, atoroidal 3-manifolds, it is not Seifert 
manifold and admits a finite group G action. If the order of G is odd, the G-action is 
effective and not fixed-point- free, then the quotient Mj G is a geometric orbifold. 

This paper is orgnized in seven sections. §1 collects some basic facts for geometric 
cone manifolds and their limits, we refer reader to somewhere else for details. Our first 
goal is using equivariant Ricci flow to study the topology and geometry of compact 
Euclidean cone manifolds. A briefly review of Hamilton's work on Ricci flow in given in 
§2, and we also establish a version of Ricci flow on orbifold. Using Ricci flow on orbifold 
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we study compact Euclidean cone manifold in §3. Our next goal is a compactness 
theorem for hyperbolic cone structures. For the purpose, we show that the compact 
hyperbolic cone manifolds with cone angles less than 27r/3 cannot become thinner and 
thinner everywhere in §4 and the compactness theorem will be given in §5. In §6, we 
review the deformation theory of hyperbolic cone structure; and the proofs of Theorem 
A and Corollary B will be given in the last section. 

Essentially this paper is a rewrite of my Ph.D. thesis [Z]. I would like to express my 
gratitude to my thesis advisor Robert D. Edwards here. Without his encouragement, 
this work could not been done. 

§1 Preliminaries 

We collect some basic facts about geometric cone manifolds and their limits in this 
section, for details we refer readers to [Ho] and [SOK]. 

Let C be a 3-dimensional geometric cone manifold, Xq the underlying space, 
the singular locus. In this paper, we will always assume that Xq is a closed manifold, 
Sc is a link in Xq and all cone angles are less than or equal to vr. The pair {Xq- '^c) is 
called the combinatorial type of the geometric cone manifold C. Two cone manifolds Ci 
and C2 are said to be isomorphic if there is an isometry between them. The isometry of 
two geometric cone manifolds induces an homeomorphism between their combinatorial 
types. 

A geometric cone manifold C. each of whose cone angles is of the form 2Ti/n for 
some integer n ^ 2, is a geometric orbifold. The concept of the cone manifold is a 
generalization of orbifold. 

A geometric cone structure is a geometric structure in the sense of Thurston [Tl] 
but in a more general setting. So we can talk about the developing map and the holon- 
omy representation. It is clear that holonomy representations of two isomorphic cone 
manifolds Ci and C2 are conjugate in the sense that the following diagram commutes: 

7ri(Xi-Ei) ^ PSL-,{C) 

i i 
7ri(X2-S2) ^ PSL^iC) 

An £-ball B^{x) in a geometric cone manifold C is standard if it is standard in the 
usual sense or the ball has a sigular diameter and x is on the sigular diameter. For a 
point X e C, The injectivity radius of x is defined as follows: 

If X e Ec, 

inj(2;) = sup{£|£-ball B^{x) is standard}; 

If X ^ Ec, 

inj(x) = max(sup{£|£-ball B^{x) is standard}, 

sup{5|there is 7/ e T^c such that inj(7/) > 25 and d{x,y) < S}). 

It is easy to see that the injectivity radius is positive lower semicontinuous fuction 
on C. 

Using injectitivty radius we can divid a geometric cone manifold into the thin part 
and the thick part. For any e > 0, the e-thin part of a geometric cone manifold C is 
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the set Cthin,£ = ^ s} and the £-thick part is the complement of the £-thin 

part, i.e., Ctiiick,e = C — Cthin,£- 

As the injcctivity radius on a Riemannian manifold, the injcctivity radius on a cone 
manifold with nonpositive constant sectional curvature cannot decrease too fast. More 
precisely, we have 

Theorem 1.1. ([Proposition 6.1, SOK]) Let C be a 3-dimensional cone manifold 
with nonpositive constant sectional curvature. Suppose that there is a positive constant 
ijj such that all cone angles are at least uo. Then, for any R,e>0, there is an 6 > 
which depends only on R, e, u) and does not depend on C , such that, if inj{x) > e, then 

Br{x,C) C Cthick,5- 

A useful tool to analyze the geometric cone manifold is the pointed Gromov limit. 
For the definition of Gromov limit and the proofs of the following theorems we refer 
readers to [G] and [SOK]. 

Theorem 1.2. (see [Proposition 3.6 and Theorem 4.2, SOK])Let {Cn.Xn) he a 
sequence of cone manifolds with nonpositive constant sectional curvature and 

1) the curvatures has a limit K^, 

2) all cone angles have a uniform lower hound uo, and 

3) there is an e > 0, such that ,t„ G Cn,thick,e for all n. 

Then it has a convergent subsequence {Cn^,Xn^), and the limit space {C,x) is a cone 
manifold with constant curvature K^. 

In general, even if all the Cn have the same fixed combinatorial type, the limit space 
C does not have to have the same combinatorial type. However C does have the same 
topology as C„ locally. 

Theorem 1.3. (see [Theorem 4.2 and Proposition 8.1, SOK])Let (C„,x„) he a 
convergent sequence of cone manifolds with nonpositive constant sectional curvature 
such that lim(C„, x„) = (C, x) is still a cone manifold. For any R > 0, if Bji{x, C) 
is a proper set and n large enough, [BR^Xn, Cn), Bii{xn, Cn) H S„) is homeomorphic to 
{BR{x,C),Bii{x,C)r\'E) and, in fact, this homeomorphism can he chosen as an almost 
isometry. 

This also shows that the holonomy of Bji{xn, Cn) can be chosen to converge to a 
holonomy of Bji{x, C) if all C„ are hyperbolic cone manifolds. 

To understand the "local picture" near a point in a hyperbolic cone manifold with 
a small injcctivity radius 5, we can rescale the hyperbolic metric by multiplying 5~^, 
which is a large number. Then the new structure has constant curvature 5^. If 5 small 
enough, the new structure is very close to a Euclidean structure. Theorem 1.3 says 
that locally the hyperbolic cone manifold has a topology of a Euchdean cone manifold. 
More precisely, we have the following analogue of the Kazhdan-Margulis theorem. 

Theorem 1.4. ([Proposition 8.1, SOK]For any R > and cu > 0, there is a S < 
1/R so that, for any 3-dimensional hyperbolic cone manifold C with cone angle at least 
ui and X G C thin, 6, we have that {Bjiinj{x){x,C), Bjiinj(x){x,C) fl Sc) is homeomorphic 
to {Bji{y,E),Bji{y,E) fl TIe) for some 3-dimensional Euclidean cone manifold E and 
inj{y) = 1 and after a rescale, the homeomorphism is an almost isometry. 

This theorem tell us that 3-dimcnsional Euclidean cone manifolds play an impor- 
tant role in analyzing the thin part of 3-dimensional hyperbolic cone manifolds. A 
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complete classification of noncompact Euclidean cone manifolds is known, and we state 
the conclusion here and refer readers to [§5, SOK] for the discussion. 

Theorem 1.5. Let E be a noncompact 3-dimensional Euclidean cone manifold, 
then E is one of the following: 

1) or a product of and an infinite disk with a cone; 

2) a product ofM} with a torus or a compact 2- dimensional Euclidean cone manifold; 

3) a twisted W} bundle over a Klein bottle or a projective plane with two cones of 
angle vr; 

4.) a bundle over whose fiber is ¥? or an infinite disk with a cone; or 
5) a quotient o/E^ modulo one of the following groups: Denote by Ta the transla- 
tion in a vertor a and by Ri^^ the rotation through an angle </? about an axis I, i) the 
group generated by Ri^^t^^Ri^^t^ for two nonintersect lines /i,/2; ii) the group generated 
by -Rij^TT, Ri2,TT (ind T^. where I2 = T\jli, a is parallel to li and perpendicular to h, Hi) the 
group generated by Ri^^^t^, Ri^^-^ and Tg,, where hih are nonintersect lines, perpendicular 
to each other and a is parallel to li . 

Remark. All of the compact 2-dimensional Euclidean cone manifolds are easily to 
be classified. They are a fiat torus, a double of an acute angled Euclidean triangle, a 
double of a rectangle or the boundary of a Euclidean tetrahedron with equal opposite 
edges. For the case of boundary of a Euclidean tetrahedron, we said that the tetrahedron 
must have equal opposite edges is because our convention that all cone angles are not 
large than tt, so all four cone angles are equal tt. 

§2 The Ricci Flow on Orbifolds 

In this section, we give a brief review of Hamilton's work ([Hal] and [Ha2]) on 
Ricci fiow of 3-dimensional nonnegatively curved Riemannian manifolds. As Hamilton 
pointed out that the fiow is invariant under an action by isometrics, we can establish 
an orbifold version of Ricci fiow. These results will be used to study the topology and 
the geometry of compact 3-dimensional Euclidean cone manifolds in the next section. 

Let M be a closed 3-dimensional manifold and go a Riemannian metric with positive 
Ricci curvature. Hamilton considered a partial differential equation 

r dtg = lrg-2mc 
I ^(•,0)=^o 

on M, where r = J R/ J 1 is the average of the scalar curvature R. Hamilton, using 
the Nash-Morse inverse function theorem, showed that the equation has a short time 
solution for any initial metric go and then estimated the curvatures by the maximum 
principle for parabolic equations under the assumption that the initial metric go has 
positive Ricci curvature. The main result in [Hal] is the following theorem. 

Theorem 2.1. For a compact 3-dimensional manifold M with positive Ricci cur- 
vature, the metric evolution 

2 

dtg = -fg — 2Ric 
3 

has a solution for all the time and converges to a metric of positive constant Riemannian 
curvature as t — > 00. 



4 



The equation is invariant under the full diffeomorphism group of M, so any isometry 
for the initial metric are preserved as the metric evolves. This fact allows us to establish 
an orbifold version of Hamilton's theorem. 

Definition 2.2. Let O be an orbifold and g a Riemannian metric on the comple- 
ment of the singular locus, we say that it is a Riemannian metric on the orbifold O if, 
passing to a local manifold cover, the lift of g can be extended to a smooth Rieman- 
nian metric. For a Riemannian orbifold O, we can talk about the connection and the 
curvature. 

Theorem 2.3. Suppose that a compact very good orbifold O admits a Riemannian 
metric with positive Ricci curvature, then it is a spherical orbifold. 

An orbifold is said to be very good, it means that the orbifold is the quotient of a 
manifold modulo a finite group. 

Proof. Since O is very good, O is a quotient of a manifold M modulo a finite group 
G. We lift the Riemannian metric on O to get a metric g^ with positive Ricci curvature 
on M. Obviously, G consists of isometrics of g^. Applying Hamilton's theorem to 
(M, g^o), we have a Ricci flow gt, which converges to a metric g^ of a positive constant 
Riemannian curvature as t ^ oo, and G is a group of isometrics on g^ for all t and g^o- 
So {M, g^)/G is a spherical structure on the orbifold O. □ 

Hamilton also developed a method to deal with the case of nonnegatively curved 
manifold in [Ha2]. He considered the unnormalized equation 

dtg = -2Ric. 

The equation has a short time solution for any initial metric go- This equation for the 
metric implies a heat equation for the Riemannian curvature tensor Rijki' 

dtRijki = ^Rijki + '^{Bijki — Bijik + Bikji — Biijk) 

9^*^ {RpjklRqi ~l~ RipklRqj ~l~ RijplRqk ~l~ RijkpRql)i 

where Bij^i = g^ g'^' RipjqRkrU- 

After choosing a family of isometrics Ut : iV^h) {TM,gt), Hamilton pullbacked 
the Levi-Civita connections and the curvatures on (TM, gt) and defined the covariant 
derivatives and the Laplacian on {V,h). Then the puUback of the heat equation for 
Riemannian curvature tensor can be written simply as 

dtRabcd = ^Rabcd + '^{Babcd — Babdc + Bacbd — Badbc)- 

The Riemannian curvature tensor can be regarded as a symmetric bilinear form K, 
which is called the curvature operator, on the 2- forms A'^{V). For a 2-form a A f3, 
K{a A j3) is the product of |q; A /3| and the sectional curvature of the plane with the 
Pliicker coordinates a A (3. The curvature operator contains the information as much as 
the Riemannian curvature tensor and the positive curvature operator implies positive 
sectional curvature. However in general positive curature operator is not equivalent to 
positive sectional curvature. In dimension 3, any 2-form is pure, which means that any 
2-form can be written as a wedge product of two 1-forms. So the positive curvature 
operator and the positive sectional curvature are the same thing in this dimension. Now 
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the heat equation for the Riemannian curvature tensor can be rewritten as an equation 
for the curvature operator 

dtK = AX + + 2M]{K). 

The crucial lemma in [Ha2] is the following. 

Lemma 2.4. [Lemma 8.2., Ha2] Let Q he a symmetric bilinear form on V . Suppose 
Q satisfies a heat equation d^Q — AQ + (j){Q) , where the matrix 4>{Q) ^ for all Q ^ 0. 
Then if Q ^ at time t — 0, it remains so for t 0. Moreover there exists an interval 
< t < S on which the rank of Q is a constant, the null space of Q is invariant under 
parallel translation and invariant in the time and also lies in the null space of (l){Q). 

Suppose that M is a 3-dimensional Riemannian manifold with nonnegative curvature 
operator, we solved the unnormalized Ricci flow 

dtg = -2Ric. 

Applying Lemma 2.4 to the evolving equation for the curvature operator, we can see 
that, if we start with a nonnegative curvature operator, after the flow proceeds for a 
while we will get K = 0, K > or that the rank of K is constant one or two. If = 0, 
then we have a Euclidean structure which is the same as the metric we started with. If 
K > 0, we can use Theorem 2.1 to deform the metric to a spherical structure further. If 
the rank of K is one, then the image of K, which is the orthogonal complement of the 
null space, has dimension 1 and also is invariant under the parallel translation. This one 
dimensional space is generated by a 2-form ip. We know that ip is a pure element, i.e., 
(p is the Pliicker coordinates of a plane field in TM, which is invariant under parallel 
translation and the sectional curvature of each plane is the positive eigenvalue of the 
curvature operator. This gives an orthogonal decomposition TM — V^i ® T^, with Vi 
being invariant under parallel translation. The universal covering space M also has a 
such decomposition. Applying the de Rham decomposition theorem to the universal 
cover M, M splits isometrically into a product x E-*^, where A^ is a positively curved 
surface and the curvature has a positive lower bound since M is compact. This implies 
that A^ is a sphere. The metric on A" may not be standard, but we will show that we 
can replace this metric by a standard one such that any given group of isometrics of 
the original metric on A^ x remains a group of isometrics of S*^ x E^. 

It is clear that isomctry group acting on A^ x E-*^ splits into a product of two isometric 
actions of A" and E^. The action on A^ induces a map into Conf(5'^). If this action can 
be conjugated to a subgroup of 0(3), then we can replace the metric on A" by a standard 
one such that the given group of isometrics of the original metric on A^ x E^ remains 
a group of isometrics of 5*^ x E^. To do this, we need a lemma to characterize those 
subgroup of Conf(S'^) which can be conjugated into 0(3). Note that the Conf(S'^) 
action on has a natural extension to an action on H^, and a subgroup of Conf(5'^) 
can be conjugated into 0(3) if and only if the action has a common fixed point in H^. 

Lemma 2.5. A subgroup F c Conf{S'^) fixes a point in if and only ifrr\PSL2{C) 
consists of only elliptic elements (and I). 

Proof. It is clear that if F fixes a point in H"^ then F fl PSL2{C) consists of 
only elliptic elements. On the other hand, it is known that if F n PSL2{C) consists of 



6 




only elliptic elements, rr\PSL2{C) fixes a point in (see [Theorem 4.3.7, B]). So if 
r C PSL2{C), then we are done. Otherwise, Fi = F fl PSL2{C) is a normal subgroup 
in F with index 2. Fix a g eT — Fi, we have (7(Fix(Fi)) =Fix(Fi) where Fix(Fi) is the 
fixed point set of Fi in M^, which is M^, a geodesic or a point. If Fix(Fi) = H^, then F 
is a group of order 2, consists of / and a reflection g. Of course F has a fixed point in 
H^. If Fix(Fi) is a geodesic and g have no fixed point on it, then g'^ e Fi also has no 
fixed point on it. This is impossible, so g must fixes a point on Fix(Fi). If Fix(Fi) is 
only a point, then g fixes this point. This shows that F = Fi U gVi fixes this point in 

H3. □ 

Now we only need to show that any orientation preserving element in a group of 
isometrics of N must be elliptic. If g is parabolic, then g has a unique fixed point 
p & N. For any point q E N — {p}, g'^{q) — > p, this contradicts the hypothesis that 
g is an isometry on A^. A similar argument shows that there is no hyperbolic element 
in a group of orientation preserving isometrics of N. Now Lemma 2.5 says that we 
can replace the original metric on by a standard one such that any given group of 
isometrics of A^ x remains a group of isometrics of 5"^ x E-*^. 

Hamilton shown that the case that rank of K is two cannot really happen. Diago- 
nalize K, then K'^ and Adj(i^) are also diagonalized, say 

A \ fX^ 

X = I II I , then = I I , and Adj(X) 

If the rank of K is two, then we can assume that A = but jiv ^ Lemma 2.4 says 
that the null space of K lies in the null space of K"^ + 2Adj(ir), in other words, jiv — 0. 
We get a contradiction. 
The equation 

dtg = -2Ric 

is also invariant under the full diffeomorphism group of M, so we can also establish an 
orbifold version. To summarize, we have 

Theorem 2.6. Let O be a very good orbifold which admits a Riemannian metric 
with nonnegative curvature operator. Then it is a geometric orbifold locally modelled 
in S^, S"^ X E^ or E^. Furthermore, if O has Euclidean structure, then the original 
Riemannian m,etric must he Euclidean. 

Remark. Hamilton actually did prove a stronger result that, if M has nonnega- 
tive Ricci curvature, then M admits a Euclidean geometry, a spherical geometry or a 
geometry locally modelled in 5*^ x E^. We can get an orbifold version for this stronger 
result in the same manner, but Theorem 2.6 is enough for our purpose. 

§3 Compact Euclidean Cone Manifolds 

Using the Ricci flow on orbifolds, we will discuss the topological type of compact 
3-dimensional Euclidean cone manifolds in this section, and show that at least one cone 
angle in a compact Euclidean cone manifolds is not less than 27r/3. 

Suppose is a compact 3-dimensional Euclidean cone manifold, Xe be the under- 
lying space, and be the singular locus. If E^; is empty or all cone angles are tt. 
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is a Euclidean manifold or orbifold, they are a quotient of by a 3-dimensional 
crystallographic group. All 3-dimensional crystallographic groups have been classified 
(see for example [J]). So, without loss of generality, we can assume that E^; 7^ and 
that at least one cone angle is strictly less than tt. 
Near the singular locus, we use Fermi coordinates 



where a is the cone angle. Geometrically, it is a product of and a disk with a cone. 
For another metric in a cylidrical coordinates system in the form 



If near 0, f{r\) — /3sinri and /(ri) > for all r\ > 0, this is a singular Riemannian 
metric with cone angle 271/3 at ri = 0. The metric is smooth at ri = if /3 = 1. Pick a 
function /(ri) such that /(ri) = sinri for ri near 0, f"{ri) ^ and 



This can be done because a < 2'ir and in this case f"{ri) cannot be identically zero. 
This is a metric with nonnegative curvature operator and, in the region ri > e, the 
metric is globally isometric to ds^ — dt^ + dr^ + r'^a'^dO'^/An'^ under the coordinates 
change r = ri + (27r — a)e/2a. So we get a metric with nonnegative curvature operator 
on the underlying space Xe- Note that this metric is not fiat. Now we can apply 
Theorem 2.6 to conclude that Xe must be a spherical manifold or covered by S*^ x E^. 

Remark. Acturally we can increase the cone angle to any amount not necessary 
to 27r by deforming the Euclidean cone structure to a metric with nonnegative curature 
operator in the same fashion. If all cone angles are in the form of 27r/n, we get a 
Riemannian orbifold with nonnegative curvature operator. 

If Xe is covered by 5*^ x E^, then we can pullback the singular Euclidean structure 
on Xe to a one on the universal cover 5*^ x E^. Denote this Euclidean cone structure by 
E. Since E has two ends and at least one cone angle is less than tt, by the classification, 
is a product of E^ and a double of an acute angled Euclidean triangle. There are two 
possible deck transformation groups Z or "£2*1^2- Suppose that the deck group is Z, the 
Z acts on E-*^ as a translation group. This shows that E can be regarded as a quotient 
of a product of an interval / and a double of a Euclidean triangle with an isometric 
mondromy identifying the top and the bottom. If the deck group is Z2 * Z2, then it 
must act on E^ as an isomctry group generated by two reflections. Since some elements 
have a fixed point on E^, these elements will keep a cross intersection invariant. On 
the other hand, a double of a Euclidean triangle does not allow an orientation reversing 
isometric inversion which permute three cone points, so the cross intersection cannot 



ds^^dt^ + dr^ + r^a^deyATT^ 



ds^ ^df + drl + f{n)d9^, 



the curvature operator will be 




/(n) = (n + {2tt - a)e/2a)a/2n for n > £ > 0. 
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be invariant, i.e., this is impossible. In this case, Xe must he S'^ x S^, T^e can be any 
3-string braid in x and at least one cone angle is not less than 27r/3. Note that, in 
this case, Xe — S^; is Seifert fibered and the following theorem shows that the converse 
is also true. 

Theorem 3.1. Let {X,T,) be a combinatorial type of a compact Euclidean cone 
manifold E with nonempty singular locus and at least one cone angle less than tt. Then 
N = X — ?\r(S) is an irreducible, atoroidal 3-manifold with an incompressible boundary, 
where [N"(S) is a regular neighborhood ofT,. 

Furthermore, N is Seifert fibered if and only if X is x S"^. 

Proof. It is not difficult to see that any essential simple closed loop in dN will be 
sent to a nontrivial element under the holonomy, so dN is incompressible. 

To show that N is irreducible and atoroidal, we will use minimal surface techniques. 
We deform the singular Euclidean structure near the singular locus S as before. First we 
can find a number e > such that -Be(S) is a disjoint union of B^{Ci) for all component 
Cj of E and each B^iCi) is a twisted product of and a disk with a cone. Without 
loss of generahty we can assume that N — X — B^iiq{T). 

Replace the metric on B^iT) — B^iiq(T) by 

ds''^de + dr'' + f{r)de'', 

where /"(r) ^ 0, /(r) = ar/2T: when r > e and /(r) = constant when r near e/10. 
Thus we have a Riemannian metric with nonpositive sectional curvature on such that 
the boundary is totally geodesic. 

If is reducible, we can find a least area immersed sphere S. The sectional curvature 
is nonpositive and, since S is minimal, the determinant of the second fundamental 
form on S is also nonpositive. So the Gaussian curvature of this immersed sphere is 
nonpositive, because it is the sum of the sectional curvature of the tangent plane and 
the determinant of the second fundamental form. On the other hand, Kda = 47r > 
by Gauss-Bonnet theorem. This is a contradiction and it shows that N is irreducible. 

If we start with an incompressible torus in N , we can also find an immersed least 
area torus T in the same homotopy class. In fact this T is either embedded or a 2-fold 
cover onto an embedded Klein bottle K. By the same argument as above, we know 
that the Gaussian curvature of this torus is nonpositive and the Gauss-Bonnet theorem 
implies that the Gaussian curvature of this torus will be identically equal to and, 
therefore this T is totally geodesic and all sectional curvatures on the tangent planes 
of T is zero. Now it is easy to see that T is either dN or contained in X — B^ill). 
We will argue that T is dN. If T is contained in X — ^^(E), we get a totally geodesic 
embedded torus T or a Klein bottle K in E. Cutting E along T or K, we can get an E' 
which is a compact Euclidean cone manifold with one or two totally geodesic fiat tori 
as boundary. Then we can extend E' to a noncompact Euclidean cone manifold with 
one or two ends look like a product of and a torus. On the other hand, we assume 
that there is at least one cone angle is less than tt. This is a contradiction, since there 
is no noncompact Euclidean cone manifolds with ends look like a product of and a 
torus, and a cone angle less than tt. 

To prove the second statement, we look at the holonomy p : 7ri(A^) — >-Isom"'"(E^) of 
E. There are three possibilities for a nontrivial element a in Isom+(E^): 
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a) a has a unique invariant line; 

b) q; is a TT rotation along an axis and this axis is the unique line which is fixed by 

a; or 

c) q; is a pure translation in a direction n, in this case, a has infinitely many invariant 
lines and they are all parallel to the direction n. 

Suppose that N is Seifert fibered. Then t^i{N) has a central infinite cychc subgroup 
Z which is generated by an clement a, represented by a regular fiber. We can choose 
this regular fiber on ON, so p(a) is nontrivial in Isom"'"(E^). If p(a) is type a) or b), 
there is a unique line which is invariant or fixed under p(a). a is a central element, 
so for any element 6, is also invariant or fixed under p{h). This is impossible, since 
we cannot get a compact Euclidean cone manifold in such way. 

Now we know that p(a) must be a pure translation along the direction n. For any 
other element 6, p(6) commutes with p(a). If p(6) is type a) or b), the unique invariant 
line or fixed line will be parallel to the direction n. This shows that the foliation which 
arises by all planes perpendicular to n is invariant under p(7ri(A^)), so it gives us a foli- 
ation on E. Each leaf of this foliation must be a compact 2-dimensional Euclidean cone 
manifold, otherwise we will have a noncompact 2-dimensional cone manifold with in- 
finitely many cone points. This is impossible, since the only noncompact 2-dimensional 
cone manifold with cone angles less than tt is an infinite disk with a cone. This foliation 
gives us an S'^ bundle structure on X, so X must be 5"^ x 5"^. □ 

Finally, we show that there is no compact Euclidean cone manifold with all cone 
angles less than 27r/3. 

Theorem 3.2. For any compact Euclidean cone manifold, there is at least one cone 
angle not less than 27r/3. 

Proof. We have already known that at least one cone angle must be not less than 
27r/3, if the underlying space is x S'^. If the theroem does not hold, then we can 
assume that there is a Euclidean cone manifold E with all cone angles less than 27r/3 
and Xe = S^. This is because any Euclidean cone structure on a spherical manifold 
can be lifted to a structure on S^. 

Now we increase all cone angles to 27r/3 to get a nonnegatively curved Riemannian 
orbifold O as we did at the beginning of the section. O can be triply covered by a 
manifold A^, since such an N can be constructed by using a Seifert surface of S^. 
By Theorem 1.6, now we can conclude that O is a geometric orbifold with spherical 
geometry or geometry of S'^x¥} . In fact, O cannot admit S"^ x geometry. Otherwise, 
N will be RP^'^RP^ or S^xS^. By the equivariant minimal sphere theorem, the quotient 
of RP^'i},RP^ or S'^ X modulo a Z3 action will never yield an S^. So, in this case, O 
is a spherical orbifold. The Riemannian universal cover of is S'^ and, if we lift the 
identity on O, we get the fundamental group 7r°'''^(0) — G oi O which is a subgroup of 
50(4) and = S'^/G. 

To analyze this group G, we regard SO{A) as x S'^ jl^^- There is a natural map 
V : 50(4) ^ SO{Z) X SO{Z). Let E = p(G') and let //i, be the projections of E into 
the two factors of 5*0(3) x 5*0(3). Note that all nontrivial elements in G which have a 
fixed point in have order three, this allows us to establish the following lemma. 

Lemma 3.3. E\ or E^ is cyclic. 

Proof of the lemma. If the order of G is odd, both of Ei and E2 have odd 
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order. All finite subgroups of SO{3) with odd order are cyclic, so the lemma follows. 

We suppose that G has even order and then G must have an element of order two. 
By our assumption that all cone angles in O is 27r/3, any elements in G of order two 
are fixed point free and the only fixed point free involution in 5*0(4) is — / which lies in 
the kernel of p, so we have G — p~^{H). Therefore, any nontrivial elements which act 
on SO{?>) with a fixed point must have order three as well, because we can lift a such 
element to one in G which has a fixed point in S^. In fact, we only need that any element 
of order two acts on 50 (3) freely. Another fact we need is that M2) G 50(3) x 50(3) 
acts on 50(3) freely if and only if ui is not conjugate to U2 in 50(3). In particular, 
H cannot contain an element (mi,M2) where both u\ and U2 have order two, since all 
elements of order two are fixed point free and therefore they are conjugate in 50(3). 

We can assume that H has even order, otherwise, both Hi and H2 have odd order 
and, therefore, they are cyclic. Let H[ — HnHi, then H'- is normal in and Hi/H[ — 
H/{Hi X H2) = H2/H!,. 

Since H[ x H2 does not contain an element (mi, M2) with both ui and U2 have order 
two, one of H[ or H2 must have odd order. Say H[ has odd order, so it must be a cyclic 
group. We also want to show that H2 contains all elements of order two in H2. Suppose 
that U2 G H2 has order two. We can find an element Ui G Hi such that {ui,U2) G H. 
{ui, U2Y = {uf, I) implies that G so ui has odd order n. Hence either Ui is trivial 
or has order two. On the other hand, (mi,M2)" = (mi,M2), «i cannot have order two. 
So Ui — I and U2 G H2. 

Suppose that H2 is not cyclic, H2 must be a dihedral group, A4, S4 or A5. If H2 is 
not an A4, H2 = H2, since those groups are generated by elements of order two. Then 
Hi = H'l is also cyclic. If H2 is an A^^, either H2 = H'2 which implies Hi = H'l, or 
H2 = Z2X Z2 and, then H2/H2 has order three and Hi also has odd order. So we finish 
the proof. □ 

Now we return to the proof of Theorem 3.2. We can suppose that Hi is cyclic 
and then G can be conjugated in 50(4) to a subgroup of 5^ x 5^/Z2. The group 
5^ X 5^/Z2 preserves the Hopf fiberation on 5^ and the orientation on fibers, so does 
G. This shows that S^/ G is Seifert fibered and the singular locus is a union of fibers. 
It is in contradiction with Theorem 3.1, which says that Xe — is not Seifert fibered. 
So we cannot have a Euclidean cone manifold with all cone angles less than 27r/3. □ 

Finally we want to point out that Theorem 3.2 is sharp. (5^, figure eight) does have 
a Euclidean cone structure with cone angles equal to 27r/3. 

§4 The Foliation on Thin Parts 

In this section, we will show that the injectivity radius cannot be very small every- 
where on a compact 3-dimensional hyperbolic cone manifold. 

Theorem 4.1. Suppose that is a link in X and all ends of X are cusps. If{X, E) 
is a combinatorial type of a 3-dimensional hyperbolic cone manifold with finite volume, 
then X — E supports a complete hyperbolic structure with finite volume. 

Remark. In fact, the condition that X — E is hyperbolic is also sufficient for the 
pair [X, E) to be a combinatorial type of a 3-dimensional hyperbolic cone manifold. We 
will see that in §6. 

Proof. To prove the theorem, it is enough to show that the compact core N of 
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X — E is an irreducible, atoroidal 3-manifold with incompressible boundary and it is 
not Seifert fibered. 

Since any simple essential closed loop on the dN will be sent to a nontrivial element 
in PSL2{C) under holonomy, N must have an incompressible boundary. Now suppose 
that N is Seifert fibered. Then 7ri(A^) has a central infinite cychc group Z and the 
holonomy image of the generator of this central cyclic group is nontrivial, since the 
generator is represented by an essential loop on the dN. The fact that any element in 
7ri(A^) commutes with this generator implies that the holonomy image of 7ri(iV) has a 
common fixed point in S°°. This is impossible, since we cannot get a cone manifold C 
with finite volume in a such way. 

To prove that N is irreducible and atoroidal, we use an argument similar to the one 
used in the proof of Theorem 3.1. First we deform the hyperbolic structure on C to a 
Riemannian metric with nonpositive sectional curvature on A^, such that, away from a 
small regular neighborhood of the boundary, we have constant sectional curvature — 1; 
and near the boundary, the metric is fiat and the boundary is totally geodesic. 

Near a singular component, we use Fermi coordinates 



Now we can choose positive functions /(r) and g{r) nondecreasing and concave upward, 
such that, near r — 0, both of them are constant and, away from 0, /(r) coincides with 
smh^ra'^/An'^, g{r) coincides with cosher. 
For a cusp end, we have the metric 



ds^ = cosh Vdt^ + dr'^ + sinh^ra^dO'^ /An^. 



In general, if a metric in a cylindrical coordinates system is given by 



ds^ = g\r)dt^ + dr^ + f{r)d9^, 



then the curvature operator will be 




ds''^ 



dx^ + dy'^ + dz^ 



Z > Zq. 



We will deform this metric to a new metric which has the following form: 



ds''^ 



dx^ + dy"^ + dz"^ 



The curvature operator of this metric is given by 
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Now the question of finding the desired metric becomes to find a positive function f{z) 
such that f{z) = z near z = Zq, f{z) is constant for z ^ Zq. and f"{z)f{z) — f^iz) ^ 
0. Note that f"{z)f{z) - f'\z) is the numerator in {f{z)/f{z)y = {f"{z)f{z) - 
/'"^{z))/ p{z). Choose a function g{z) so that g{z) = 1/z near z = zq, g{z) = for 
z ':$> zo and g{z) is nonincreasing. Solve {f'{z)/ f{z))' = g{z) we can get the desired 

Thus we get a metric on as expected. The irreducibility of N is followed from the 
fact that there is no minimal immersed sphere in A^. If we start with an incompressible 
torus in N , we will end up an immersed least area torus T in the same homotopy class. 
This T is either embedded or a 2-fold cover to an embedded Klein bottle K. By the 
same argument as before, this can happen only if it torus lies in a regular neighborhood 
of dN, and then we can homotopy this torus into dN. We complete the proof of the 
theorem. □ 

Theorem 4.2. For any lu < 2tt/3, there is a universal constant 6 > 0, so that, for 
any 3-dimensional hyperbolic cone manifold C with all cone angles less than uj, we have 

C thick, 5 ^ ^■ 

Proof. Suppose the contrary that wc have a compact hyperbolic cone manifold C 
with all cone angles between a and cj, so that Cthick,(5 = 0) where the 5 is the constant 
in Theorem 1.4 for R = 120 (later we will see why pick R = 120 here). By Theorem 
1.4, for any point x G C, {Bi20ini(x){x,C), Bi20i-aj{x){x,C) fi Ec) is homeomorphic to 
{Bi2o{y, E), Bi2o{y, E) n Eg) for a Euclidean cone manifold E, y e E and inj(y) = 1. 
Recall the proof of Theorem 4. 1, these Euclidean cone manifolds arc limits of the rescaled 
hyperbolic cone manifolds. The hyperbolic cone manifolds considered here all have cone 
angles less than lu < 27r/3, and Theorem 3.2 says that there is no compact Euclidean 
cone manifolds with all cone angles less than 27r/3, so we can assume further that these 
Euclidean cone manifolds which can occur in our case are all noncompact. Now, by 
the classification of noncompact Euclidean cone manifolds, we can conclude that they 
are a product of with a torus, a twisted bundle over a Klein bottle or a bundle 
over whose fiber is E^ or an infinite disk with a cone. The case that is a twisted 
E^ bundle over a Klein bottle will not happen. Otherwise, we could embed this Klein 
bottle in X — T,. X — T, is atoroidal and the boundary of the regular neighborhood of 
this Klein bottle is incompressible inward, so this torus must be parallel to a singular 
circle in S. This contradicts the fact that X — E is not Seifert fibered. 

Now we take a closed look at Euclidean case first, the picture in this case is the 
same when we look at a point in C which has a small injectivity radius. 

Case 1) . £^ is a product of E^ with a trous. The isometry group acts on E transitively, 
so we only need to work at one point y E E. Injectivity radius oiy in E is the same as the 
injectivity radius of y in the cross section, -Binj(i() {y, E) is ball with one, two or three pairs 
of points identified on the boundary. The image of 7ri{Bi^j(^y^{y, E)) in vri(i?3iiij(j^)(?/, E)) 
is a free abelian group of rank one or two. This group is called the local fundamental 
group of y and denoted by TTi^y. If the rank of TTi^y is one, Bini{y){y, E) is a ball with 
only one pair of points identified on the boundary, i.e., there is a unique shortest closed 
geodesic goes through y representing the generator of the local fundamental group. If 
the rank of TTi y is two, then B^[a3(y}{y, E) contains the whole cross section which is an 
essential embedded torus in E. 
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Case 2). £■ is a boundle over whose fiber is E^. If the boundle is a product bundle, 
then injectivity radius is a constant function on E, local fundamental group TTi^y has 
rank one and there is a unique shortest closed geodesic goes through y representing the 
generator of the local fundamental group. Otherwise E is a quotient of = x E^ 
by an infinite cyclic group generated by g which is equal to a translation by d in E^ 
times a rotation with angle ^ 7^ on E^. In this case, the isometry group of E acts 
transitively on the equi-distant tori from the unique closed geodesic 7 whose length is d. 
Take a point y on an equi-distant torus with distance r ^ 60d. We can find an element 
gi* (1 ^ i ^ 20) such that the absolute value of its rotation angle is less than tt/IO, then 
we have that 

1 /7rr \ r 
inj(,)^-(- + 20.)^-. 

This means that if y ^ Uy.^^B^M^E), then B-^^,^i^y){:y , E) C (E^ x (E^ - {0}))/((?). As 
same as in Case i) the local fundamental group Hi^y of y has rank one or two depends 
on we have only one or more pairs of points identitied on the boundary of B-^^^^y^^y, E). 
If the rank is one there is a unique shortest broken closed geodesic goes through y 
representing the generator. If the rank is two, then B3ij^fy){y, E) contains the whole 
equi-distant torus. 

Case 3). ii^ is a boundle over whose fiber is an infinite disk with a cone point. Take 
a point y on an equi-distant torus with distance r at least 60 times of the length of the 
singular locus. The same argument as in the Case 2) yields the same conculsion. 

For hyperbolic cone manifold C, we can argue similarly. Let N — Ua;gE-B60inj{x)(a^5 C), 
this is a disjoint union of solid torus with a singular core, because that -Bi20mj{x)(3;5 C)nS 
has only one sigular core for any a; G S. Now let = C — A^. For any point x & D, 
B3mi{x){x, C)nE = 0. Define the image of 'Ki{Binj{x){x, C)) C 'JTi{B3ini{x){x, C)) the local 
fundamental group tti^x of which is a free abelian group of rank one or two depends 
on there is one or more pairs of points identified on the boundary of i?inj(a;)(a:, C). If the 
rank is one, there is a unique shortest broken closed geodesic goes through x representing 
the generator of tti^x- If the rank is two, the holonomy image of tti^^ is abelian, this 
implies that the holonomy image of tti is generated by one hyperbolic element or two 
loxodromic elements with a common axis because we have no parabolic elements if C 
is compact. Either cases, i?3inj(a;)(a;, C) contains the whole equi-distant torus from the 
singular circle or the closed geodesic with length ^ 6 and once a point on a such equi- 
distant torus has rank two local fundament group, all local fundamental group of other 
points on the same equi-distant torus have rank two as well. 

Consider all a tube which is in form of T^^r — ^ye'y^riy, C) and 7 is a component in 
E or a closed geodesic with length at most 5 with the property that any point on the 
equi-distant torus has rank two local fundamental group. All these 7 has only finitely 
many choices. For a fixed 71, if there exists a such T^^^r; we can define a maximal one. 
Let {Tj} be all these maximal tubes, we can see that they are pairs-wisely disjoint. 
Otherwise Tj fl 7^ 0, then dTi and dTj are parallel. This shows that X — His either 
a solid torus or a product of E^ and a torus, contradict to theorem 4.1. 

Denote D' = D — UiTi which is homeomorphic to C minus those tubes whose core are 
not a singular componenmt. Now for any point x G D', the local fundamental group 
TTi^-r is isomorphic to Z. The generator of tti^x is realized by the unique shortest 
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broken geodesic through x, If we fix a point xq, take any closed curve c with base point 
Xq and move the unique shortest broken geodesic through x along c, we will end up 
with the same broken geodesic. This shows that tti^^,, is a normal subgroup of 7ii{D'). 
We know that D' is irreducible and we also know that dD' ^ 0, so D' is Haken. These 
two facts together imply that D' is Seifert fibered and ni^xo is carried by the fiber. 

If Tj is a maximal tube with core is a closed geodesic, then the 1-dimensional fiber on 
the boundary of Tj is not a meridian of Tj, since the fiber represents a nontrivial element 
in the local fundamental group and it has nontrivial holonomy image. So we can extend 
the foliation on D' to a Seifert fiberation on X — S. Again this is in contradiction with 
Theorem 4.1, so we complete the proof of the theorem. □ 

Remark. In the proof of the theorem, we first rule out the case that sequences 
of rescaled hyperbolic cone manifolds converge to a compact Euclidean cone manifold, 
then argue that there are only three possible noncompact Euclidean manifolds can occur 
in the limit, which are a product of with a torus, a bundle over whose fiber is 

or an infinite disk with a cone, all by the condition a; < 27r/3. If these things can 
be done then the rest of the proof goes through. For example, we can also prove the 
following theorem. 

Theorem 4.3. Let u < tt, {X, S) a combinatorial type of a hyperbolic cone struc- 
ture, X is not a spherical manifold and there is no embedded sphere G X which 
intersects E transversely, so that 5"^ fl E is the set of three points. Then there is a 
constant 5 > 0, for any 3-dimensional hyperbolic cone structure C on {X, E) with all 
cone angles less than cu, we have Ctuck, 5 ^ ^■ 

Proof. If one sequence of rescaled hyperbolic cone structures on (X, E) converges 
to a compact Euclidean cone structure, (X, E) is a combinatorial type of a compact 
Euchdean cone manifold. We know that X is either a spherial manifold or X — E is 
Seifert fibered. Both are impossible. For the noncompact Euchdean cone manifold, 
which may occur in the limit, we have one more case to consider, that is a product of 
E^ with a double of an acute angled Euclidean triangle. If it can happens, by Theorem 
1.3, we can find an embedded sphere S"^ d X which intersects E transversely, so that 
5"^ n E is the set of three points. That is also ruled out by our hypothesis. The rest of 
the proof is the same as the proof of Theorem 4.2. □ 

§5 Compactness of Hyperbolic Cone Structure 

In this section, we will prove a compactness theorem for hyperbolic cone structures. 

It is the key step toward Theorem A. 

For a fixed combinatorial type (X, E), let i^' be a triangulation of (X, E) such that 
the simplicial neighborhood of E in is a regular neighborhood of E. Note that this 
is always true, if we replace K by its second barycentric derived subdivision. Then the 
volume of hyperbolic cone manifolds with the same combinatorial type (X, E) has a 
uniform bound. 

Theorem 5.1. ([Proposition 4.1, SOK]) For all 3-dimensional hyperbolic cone 
manifolds with the same combinatorial type (X, E) , the volumes have an upper bound 
uns, where u = —3 J^^^ log | sin 2u\du is the maximal volum of a hyperbolic simples (see 
[M]^ and is the number of 3-simplexes in K. 

Corollary 5.2. LetC be a compact 3-dimensional hyperbolic cone manifold, 5 > 
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be any positive number. Then the diameter of any component of Cthick,5 has a uniform 
upper bound which only depends on the combinatorial type of C, 5 and the lower bound 

of cone angles uo. 

Proof. Let V be the upper bound of the volume, uj the lower bound of the cone 
angles and C\ a component of CtWck, s- For each point a; e Ci fl E, B^ji^x) is standard. 
We put disjoint standard 5/4 balls centered in Ci n E as many as we can and denote 
the ccnctrs of the balls by {x,}. Note that A^5/2(S) = {a; G Ci\d{x,Ci fl E) ^ 5/2} C 
[JiBs{xi). So {x,i} is a 5-net of A^5/2(S). Then for those points x E Ci — Ns/2, balls 
centered at these points with radius | sin ^ arc standard. Use these balls to packing 
Ci — iV5/2(E), and the centers of these balls together with XiS form a 6-net of Ci. Total 
number of points in this S-net is bounded, so diameter of Ci is bounded. □ 

Another theorem associated with the volume is the following: 

Theorem 5.3. The volume of hyperbolic cone manifolds is lower semicontinuous, 
i.e., if {CmXn) is a convergent sequence and the limit (C, a;) is still a cone manifold, 
then 

vol(C, x) ^ liminf vol(C„,x„). 

Proof. We can suppose that lim YoliCmXn) exists, say it is equal to v. We only 
need to show that yo\{Br{x,C)) ^ v for all R. Br{x,C) — limSij(xn, C„) and the 
Br{x, C) and the BR{xn, Cn) are compact. So yo\{Br{x)) — lim vo1(Sr(x„)), which is 
less than v. □ 

Corollary 5.4. Let {Cn,Xn) be a convergent sequence of compact hyperbolic cone 
manifolds with fixed combinatorial type, if the limit is still a hyperbolic cone manifold, 
then lim(C„, x„) has finite volume. 

Proof. Applying Theorem 5.1, we get that liminf vol(C„, a:„) < oo. Then the 
conclusion follows from Theorem 5.3. □ 

The main theorem in this section is the following: 

Theorem 5.5. For any < e < uj < 2'k/3, the space of all 3-dimensional hyperbolic 
cone structures with the same combinatorial type {X, E) and all cone angles between e 
and ijj is compact under Hausdorff distance. 

Proof. Let C„ be a sequence of compact 3-dimensional hyperbolic cone manifolds 
with the same combinatorial type {X, S) and all cone angles between e and cu. By 
Theorem 4.2, there is a 5 > 0, so that Cn,thick,5 7^ 0- Pick x„ e Cn,thick,5 and consider 
the sequence (C„,x„), by Theorem 1.2, it has a convergent subsequence and the limit 
{C,x) of this subsequence is still a hyperbolic cone manifold. If C is compact, it will 
have the same combinatorial type as C„ by Theorem 1.3. This is the conclusion of our 
theorem. 

Suppose that C is noncompact and we will show that it leads to a contradiction. 
Corollary 5.4 says that C has finite volume. Without loss of generality, we also can 
assume that {Cn,Xn) is convergent itself. The number of circle components in Ec is 
less than the number of components in E. We can find a number Mq > 0, so that all 
the circle components in E^ are contained in Bmo{x, C). The rest of the proof will be 
divided into two cases. 

Case 1). Suppose that [C - Bm{x,C)\ r\llc ^ ^ for all m > Mq. Let e 
[C — Bm{x, C)] n Ec, then limj„_>ooinj(y^) = 0, as C has finite volume. For m large 
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enough and applying Theorem 1.4, we know that C looks like a noncompact Euclidean 
cone manifold E near y^. Since all cone angles are less than u;, E must be a bundle 
over whose fiber is an infinite disk with a cone. In the Euclidean case, the singular 
component is a circle, so the singular component which contains Um is a circle too and it 
contradicts the hypothesis that all circle components of are contained in Bmo{x, C). 

Case 2). [C — C)] n = for some m > Mq. This really means that 

all singular component are circles. Then, far away from x, C looks like a noncompact 
Euclidean manifolds. By the same reason as in the proof of Theorem 4.2, E can not be 
a twisted line bundle over a Klein bottle. So we can do thin-thick decomposition for C, 
and all ends of C are cusps. 

Let {N, T,c) be a compact core of {Xc, E^). By Theorem 1.3, we can embed N back 
into C„ for n large enough. Let gn be the embeddings and Nn the image gn{N). dNn 
is a bunch of tori, and each torus either bounds a solid torus in X — S or is parallel to 
a singular circle. For each boundary torus T of N, we have a sequence «^ G Hi(T), 
where is represented by the preimage of the essential circle in gn{T) which is 
null homotopic or a meridian, must tend to infinity in lli{T). Otherwise, has a 
subsequence, we still call it a^, which converges to a. The holonomy image of /3„ will 
converge to the holonomy image of a, which is a parabolic element. The holonomy of 
/3n is either a trivial element or an elliptic element with rotation angle between e and 
cu. Such a sequence cannot converge to a parabolic element. 

Now we can apply Thurston's hyperbolic Dehn surgery theorem to this situation. For 
n large enough, the Dehn filling along all these a^'s will give us a hyperbolic manifold 
Nn- Note that all these results of Dehn filling are the same, they are all homeomorphic 
to X. On the other hand, the volume of a hyperbolic manifold is an invariant and 
vol(A^) >vol(X) =vol(iV„) ^vol(iV) (see Theorem 6.5.6, [Tl] and Theorem 1, [NZ]). 
This is impossible. 

So C must be compact, and we finish the proof of the theorem. □ 
The same as the Remark after Theroem 4.2 and the proof of Theorem 4.3, we can 
prove the following theorem. 

Theorem 5.6. Let < e < cu < tt, {Xj'E) a combinatorial type of a hyperbolic 
cone structure, X is not a spherical manifold and there is no embedded sphere (Z X 
which intersects E transversely, so that 5^ fl E is the set of three points. Then the space 
of all 3-dimensional hyperbolic cone structures on {X, E) with all cone angles between 
e and uj is compact under Hausdorff distance. 

§6 Deformation Theory of Hyperbolic Cone Structures 

We will discuss the deformation of hyperbolic cone structures in this section. Most 
of the theorems in this section are known to Thurston. 

Theorem 6.1. Let C be a hyperbolic cone manifold. The holonomy represetation 
p : 7ri(Xc — Ec) — >• PSL2{C) can be lifted to a representation in SL2{C). 

Proof. Our proof goes the same fashion as the proof of [Proposition 3.1.1, CS]. 
Let p : TTi{Xc — E^) PSL2{C) be the representation, then 7ii{Xc — ^c) is iso- 
morphic to the subgroup P = {{g,p{g))} in ni{Xc — E^) x PSL2{C). P acts on 

{Xc — Ec) X PSL2{C) freely and proper discontinuousely, the quotient Q is a principle 
PSL2{C) boundle over Xc — E^- PSL2{C) can be identified with the principal bundle 
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of orthonormal tangent frames to H^. Use the fact that Xc — has trivial tangent 
bundle, it is not difficult to see that Q is homeomorphic to {Xq — S^) x x SO{?>). 
On the other hand, let F is the preimage of V under the homomorphism tti{Xc — 

He) X SL2{C) vri(Xc - Sc) x PSL2{C), then Q = {x'^^c) x SL2{C)/V. SL^iC) 
is simply connected, so F = F x Z2. This shows that p can be lifted to a representation 
in SL2{C). □ 

Later on, the hft p : ni{Xc — Sc) — 'S'L2(C) in Theorem 6.1 will be also called 
holonomy representation. 

Let (X, S) be a combinatorial type of a compact hyperbolic cone structure, E has 
m components ^i, . . . , Sm and let pi be the meridian of Si. 

Theorem 6.2. Let Co be a hyperbolic cone manifold structure on {Xj'E) or a 
complete hyperbolic structure on X — T: and po its holonomy representation. If p is 
sufficiently close to po such that all p{pi) are elliptic. Then there is a hyperbolic cone 
manifold structure Ci on (X, E) its holonomy representation is p. Furthermore, if Cq 
is a hyperbolic cone structure, then Ci can be chosen close to Co and such nearby cone 
structure is determined uniquely by the conjugacy class of p. 

Proof. Let 3sr(E) be a regular neighborhood of E. Then U — X — 3\r(E) is compact. 
By [Proposition 5.1, Tl], there is a hyperbolic structure C[ on U which is close to Co\u 
with holonomy p. Since each p{pi) are elliptic, we have a unique way to extend C[ 
to a hyperbolic cone structure Ci on (X, E). This Ci is determined uniquely by the 
conjugacy class of p. □ 

The representation space plays an essential role in the deformation theory for hy- 
perbolic cone structures. We denote by R{X, E) the representation space R{X, E) = 
{p : 7ri(X — E) — s> SL2{C)}, which is a complex affine algebraic set. When we con- 
sider different hyperbolic cone structures on a fixed combinatorial type (X, E), define 
marked hyperbolic cone structure is convenient. A marked hyperbolic cone structure 
on {X, E) is an equivalent class of hyperbolic cone structures on {X, E) with equivalent 
relation that there is an isometry which is homotopic relE to the identity map and it is 
similar to marked Riemann surface in Teichmiiller theory. Theorem 6.2 says that near 
a marked hyperbolic cone structure, the space of marked hyperbolic cone structures is 
parametrized by conjugacy classes of their holonomy representations. A deformation of 
conjugacy class of the holonomy representation of a cone structure in R{X, T,)/SL2{C) 
is called an algebraic deformation of the cone structure, locally a geometric deforma- 
tion is equivalent to an algebraic deformation, and increasing cone angles is the same 
as increasing the angle of elliptic elements po{Pi)- 

The basic fact about the algebraic deformation is the following theorem. 

Theorem 6.3. Let Ro be an irreducible component of R{X,Y) which contains po a 
holonomy representation of a compact hyperbolic cone structure with combinatrial type 
{X, E) or the complete hyperbolic structure on X — 12, then 

dime Rq ^ m + 3, 

where m is the number of circle components of 12. 

Proof, po is irreducible and let iV be a compact core of X — C, then for each 
torus component T of dN, po{7:i{T)) (f_ {±1}. [Propersition 3.2.1, CS] says that 
dime i?o ^ 'HT' + 3. □ 
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For a compact marked hyperbolic cone structure, the holonomy repersentation is 
always irreducible and unique upto conjugacy. So the space of characters will be more 
interesing, it is because the conjugacy classes of irreducible representations are one-to- 
one corresponding to their characters. Let Rq be an irreducible component of R{X, E) 
which contains po a holonomy representation of a compact hyperbolic cone structure 
with combinatrial type {X, E) or the complete hyperbolic structure on X — E, Gq the 
space of all characters of representations in Rq. 

Proposition 6.4. Co is an affine variety and dime Co = dimci^o — 3 ^ m. 

See [Section 1, Proposition 3.2.1, CS] for a detailed proof. 

Let / : Co — > C"* be the trace map defined by 

/([p]) = (tr(p(/xi)),...,tr(p(/xj)). 

/ is a regular map and /([po]) — (ei2cos^i, . . . , e^2cos^^), where = ±1, since each 
po(pi) is elliptic with a rotation angle 6i. 

Suppose that po is a holonomy representation of the complete hyperbolic structure 
on X — E, Mostow's rigidity theorem says that /~^(/([po])) is a single point in Co, which 
implies that dime Co = m and the trace map / is onto near [po] • For the case that po is 
a holonomy representation of a compact hyperbolic cone structure with all cone angles 
less than 27r/3, the same conclusion holds. 

Proposition 6.5. Suppose 9i < 2tt/3 for all 1 ^ i ^ m, then the irreducible 
component of f~^{f{[po])) in Co which contains [po] is the single point [po]. 

Proof. Let L be an irreducible component of /~H/([Po])) which contains [po] and 
S be the subset of L which consists of all characters which can be realized by a holonomy 
representation of hyperbolic cone structures. Theorem 6.2 says that S is open in L. On 
the other hand, the convergence under the HausdorfF distance implies the convergence 
of the holonomy representations, so Theorem 5.5 says that S is also compact in L. In 
particular, 5* = L is a compact irreducible affine variety, and thus it must be the single 
point [po]. □ 

The proposition implies that dime = m and / is onto near [po]. Now we restrict 
our attention to the case that all 6i < 27r/3. For any given direction a = (ai, . . . , a^), 
we define a ray l{t) = /([po]) + ta in C™. 

Theorem 6.6. There is a continuous lift of l(t) 

T : [0,r) ^ Co,0 < T < oo, 

such that r(0) = [po]. 

Proof. Let L C be the complex line which contains /(t). Propositions 6.4 and 
6.5 then implies that the irreducible component E of f^^{L) which contains [po] must 
be an affine curve in Co and f\E is a nonconstant map. Any a such /l^ : £^ — >• L is 
open, so we can lift l{t) to r : [0,T) — > Co. □ 

Remark. Proposition 6.5 and Theorem 6.6 also hold, if we release the restriction 
6i < 27r/3 to < TT and put additional condition on (X, E) as Theorems 4.3 or 5.6. 

Theorem 6.6 tell us that local algebraic deformations of cone structure always exist, 
so do local geometric deformations by Theorem 6.2. The complete hyperbolic structure 
can be regarded as a cone structure on (X, E) with "zero cone angle". This theorem 
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is also true when we replace the po by the representation of the complete hyperbolic 
structure on X — E. Instead of using Proposition 6.5, we can use Mostow's rigidity 
theorem in the proof. Everything works fine. However, if we still want to get a geometric 
deformation of hyperbolic cone structure, we need assume that aiSi ^ for all i. This 
will guarantee that all holonomy image of /Xj are elliptic, therefore we can get the inverse 
of Theorem 4.1. We leave the details of the proof to the reader. 

Theorem 6.7. Suppose that S is a hyperbolic link in a closed mainfold X . There 
is an e > 0, for any 6 = {9i, . . . , 9^) G and < 9i < e, we have a hyperbolic cone 
structure Cq on (X, S) such that the cone angle of Si is 9i. 

To finish the section, we prove the following lemma, which says that, just hke the 
complete hyperbolic structures, the orbifold structures are also rigid. 

Lemma 6.8. Let 0\ and O2 be two hyperbolic orbifold structures on an orbifold O. 
then they are isomorphic. In fact the isometry can be chosen to be homotopic to the 
identity map reE. 

Proof. Any hyperbofic orbifold is very good, so there is a finite regular branch cover 
O of O which is a manifold. Denote by G the covering transformation group. Pulling 

back the structures Oi and O2 to O, we get two complete hyperbolic structures Oi and 
O2 on O such that elements of G are isometrics of both structures Oi. Mostow's rigidity 
theorem says that we can homotopy the identity on O to an isometry h : Oi O2. For 
any element g ^ G, g and h~^gh are two homotopic isometrics on the structure Oi. This 
implies that g — h~^gh, i.e., h is G-invariant. So h induces an isometry h : Oi ^ 

§7 Moduli Space of Hyperbolic Cone Structures 

In this section, we will prove Theorem A and Corollary B mentioned in the begining 

of the paper. 

Denote by the representation of the complete hyperbolic structure on X — S, 
by i?* the irreducible component of R{X, E) which contains and the space of 
characters of representations in i?*. Let C be another hyperbolic cone structure on 
(X, E), it has a holonomy p e R{X,T,). Let Rp be the irreducible component of p in 
R{X, E) and Cp the corresponding character space. If all cone angles are less than 27r/3, 
we have the following 

Lemma 7.1. Rp = R^ and 6^ = 6*. 

Proof. It suffices to prove that Rp — R^. By Theorem 6.7, we can choose a 
hyperbofic orbifold structure O on {X, E) with all cone angles are 27r/n and its holonomy 
representation lies in R^. Let 

l{t) = (1 — t)(ei2 cos6'i, . . . , 6^2 cos6'm) + t{ei2 cos 2n/n, . . . , em2 cos 27r/n), 

be a line in C™ and I C [0, 1] be the largest interval on which there is a lift t : I Gp 
of l{t) such that r(0) = [p] and each r(t) is the charactor of a holonomy representation 
of a hyperbolic cone structure on (X, E). Theorems 6.2 and 6.6 imply that / is open 
in [0, 1], and Theorem 5.5 says that / is also compact. Therefore, it is whole interval 
[0,1]. 

r(l) is the charactor of a holonomy representation p' of a hyperbolic cone structure 
on (X.E). /(I) = (ei2 cos 27r/n, . . . , 6^2 cos27r/n) implies that all cone angles of this 
structure are 2ii/n, so it is a hyperbolic orbifold. Denote this structure by O' and note 
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that the holonomy representation p' e Rp. Apply Lemma 6.8, we know that O and O' 
are isometric by an isometry homotopic to the identity map relS, this means that they 
have the same holonomy representation, i.e., G i?p fl The irreducible component 
Ro which contains p' is contained in RpHR^, and all these three affine vatieties Rq, Rp 
and i?* have dimension m, so we have Rq — Rp = R^,. □ 
Now we are in the position to prove that the trace map f : ^ is a local 
homcomorphism near any character of a holonomy representation of a hyperbolic cone 
structure. 

Theorem 7.2. Let U be the subset of 6* consists of all characters of holonomy 
representations of hyperbolic cone structures on {X, S) with all cone angles less than 
27r/3. Then the trace map / : IC — > C"* is a homcomorphism onto its image. 

Proof. Let W = {(ei2cos^i, . . . , e^2 cos^^)|0 < 9i < 2ti/3} C C"*. By the proof 
of Lemma 7.1, we can see that the trace map /(IX) = W is onto. 

To show that / : U ^ W is a homeomorphism. Let Bq cW be the set 

{p\f~^{p) n ^ contains at least two different characters} 

and B = Bq, the closure of Bq in W. We want to show that B is open in W. If 
it is true, B is either empty or the whole W. U B = W, all points of the form 
{(ei2 cos27r/ni, . . . , €^^2 cos27r/nm)} C B — Bq, since they are corresponding to orbifold 
structures. So any character of holonomy representation of a orbifold structure is either 
a singular point of Co or a singular point of / : Co — > C"*. This contradicts to the facts 
that the image of singular set of Co and singular set of / lies in a lower dimensional 
algebraic set and {(ei2 cos27r/ni, . . . , 6^2 cos27r/nm)} is a Zariski dense set in C™. So B 
is empty, i.e., / is injcctive. For any compact set K C W, the space of hyperbolic cone 
structures whose the character of the holonomy representation is contained in f^^{K) 
is compact by Theorem 5.5, so f~^{K) is compact and this shows that f~^ : W — > U, 
the inverse of / is also continuous. 

Now we prove that B is open. For any p G -Bq, f~^{p) H XL contains two distinct 
characters ^"^^ both corresponding to hyperbolic cone structures. Theorem 6.2 
says that there are two small neighborhoods G t/* such that all points in t/* fl 
/"^(W) C U. Without loss of generality, we can assume that C/^flC/^ = 0. Also we know 
that / is onto near a cone structure by Theorem 6.6. Then f{U^) fl f{U'^) H C Bq 
is a neighborhood of p. \i p E B — Bq, there is a sequence p„ G Bq such that p„ p. 
For each pn G Bq, wc have two distinct characters x]i ^"^^ Xn they are corresponding 
to hyperbolic cone structures and C^, and f{Xn) = Pn- Without loss of generaUty, 
we can assume that both and converge. So two sequences xli ^-nd Xn converge. 
Let Xn ~^ X\ /(x*) = P ^-iid p ^ Bq imply that X^ = = X- This shows that x is 
singular point of Cq or a singular point of / and the local degree of / > 1. All points 
of an open neighborhood of p except those points in a lower dimensional algebraic set 
are contained in Bq. So this open set is a neighborhood oi p in B. This shows that B 
is open. □ 

The moduli space of marked hyperbolic cone structures with combinatorial type 
[X, S) and cone angles less than 27r/3 will be denoted by CKC(X, S). 

Let h : J{C(X, S) — * U defined by send each marked hyperbolic cone structure to 
the character of its holonomy representation. By the definition, h is onto. Theorem 6.2 
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tell us that h is & local homeomorphism and Theorem 5.5 implies that h has the path 
lifting property. So is a covering map and then we get the following corollary, as 11 is 
simply connected. 

Corollary 7.3. fh : 'KC{X, T.) ^ W is a homeomorphism. 

Remark. The map 

a : (0, 271/3)™ ^ W 

{61,..., Om) ^ (ei2cos^i,..., 6^,2 COS 9m) 

is a homeomorphism, so t = h^^f'^a : (0, 27r/3)"* — >■ 'KC{X, E) is a natural parametriza- 
tion of 'KC{X, E) by m cone angles. In other words. Corollary 7.3 is another version of 
Theorem A. 

As a simple application of Theorem A, we have the following proposition. 

Proposition 7.4. Let E &e a hyperbolic link in a homological sphere M^. Then 
k-fold cyclic cover of branched over H is a hyperbolic manifold provided k ^ 4. 

Proof. Let N be the A;-fold cyclic cover of M branched over E. Then M can be 
viewed as an orbifold with the singular locus E and all cone angles equal to 271 /k. Thus 
iV is a manifold cover of M. By Theorem 10.4, the orbifold M is hyperbolic, so iV is a 
hyperbolic manifold. □ 

As we said before, if we release the restriction 6i < 27r/3 to < tt and put additional 
condition on (X, E) as Theorems 4.3 or 5.6, the arguements in the proofs of Theorem 
7.2 and Corollary 7.3 work fine. So we have 

Theorem 7.5. Let T, be a hyperbolic link with m components in a 3-dimensional 
manifold X . X is not a spherical manifold and there is no embedded sphere G X 
which intersects E transversely, so that (S^flE is the set of three points. Then the moduli 
space of marked hyperbolic cone structures on the pair {X, E) with all cone angles less 
than IT is an m- dimensional open cube, parameterized naturally by the m cone angles. 

In the rest of section, we will prove Corollary B which is a more general than 
Proposition 7.4. 

Corollary B. IfM is an irreducible, closed, atoroidal 3-manifolds, it is not Seifert 
manifold and admits a finite group G action. If the order of G is odd, the G-action is 
effective and not fixed-point-free, then the quotient M / G is a geometric orbifold. 

Remark. Pull back the singular geometric structure on MjG^ we will get a geo- 
metric structure on M. The theorem says not only that M has a geometric structure, 
but also G consists of isometries. 

This is a special case of Thurston's geometrization theroem, we refer [Problem 3.46, 
K] for the historical remark on Thurston's geometrization theorem. 

A lot of concepts in 3-orbifold theory, such as, irreducibility and incompressibility, 
are very similar to the corresponding concepts for manifolds. Following Hodgson in 
[Ho] , we use sphere or TORUS to denote a spherical or a Euchdean 2-orbifold and DISK 
or BALL for a quotient of a disk or a ball under a finite, orientation preserving linear 
action. A 3-orbifold O is irreducible if every SPHERE bounds a BALL, a 2-suborbifold F 
is incompressible if any 1-suborbifold of F which bounds a disk m.0 — F also bounds 
a DISK in F. An orbifold is atoroidal if each incompressible TORUS is 9-parallel. For 
our convenience, we always assume that all 3-orbifolds contain no bad 2-orbifolds. 
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M/G is an orbifold and we denote the orbifold structure be Om/g- Let Xq be the 
underlying space of Om/g and Eq the singular locus. It is easy to see that Eq is a 
link in Xq since any finite group of 5*0(3) with odd order is a finite cyclic group. A 
simple geometric argument shows that Om/g is closed, irreducible and atoroidal under 
our assumption that M is closed, irreducible and atoroidal. Denote Xq — Eq by Nq- 
Thurston's program start with the following proposition. 

Proposition 7.6. Either Om/g 'is Seifert fibered or Nq admits a complete hyper- 
bolic structure with finite volume. 

For a proof of the proposition, we refer readers to [§2, SOK]. 

It is easy to handle the case that Om/g is Seifert fibered. Applying the method 
in [S] (also see [JN]), we will see that all of these orbifolds have Seifert geometries. 
So we assume that Om/g is not a Seifert orbifold and this implies that Eo C Xq is a 
hyperbolic link. 

If all cone angles in Om/g are less than 27r/3, Theorem A implies that we can find 
a required hyperbolic orbifold structure on Om/g- So we now can assume that there 
exists at least one cone angle is 27r/3. In this case, we can find a sequence of hyperbolic 
cone structures C„ on (Xo, Eo) such that all cone angles tends to desired cone angles. 
Now we will investigate the limit of C„. For this purpose, we need following refinements 
of Theorems 4.2 and 5.5. 

Proposition 7.7. For the sequence of hyperbolic cone structures On, we have the 
following alternative: 

i) there is a sequence Xi e C„ and the resettled sequence {{inj{xn))~^Cn,Xn) has a 
subsequence which converges to tt compttct Euclidettn cone manifold, or 

a) there is a constttnt 5 > so thttt Cn^thick,s ^■ 

Proposition 7.8. If there is a5 > 0, such that Cn^thick,s ^- has a subsequence 
Cn^. which converges to a hyperbolic cone structure on (Xo,Eo). 

Proof of Propositions 7.7 and 7.8. Adding the first alternative in Proposition 
7.7 is really a way to say we can assume that there is no rescaled sequence has a 
subsequence which converges to a compact Euclidean cone manifold. 

For the noncompact Euclidean cone manifold, which may occur in the limit, just as 
in the proof of Theorem 4.3, we have one more case to consider, that is a product of 

with a double of an equilateral triangle. If it is the case, we can embed this TORUS 
back into Om/g- K is easy to see that this TORUS is incompressible and nonseparating 
in Om/g, contradict to the fact that Om/g is atoroidal. The rest of the proofs are the 
same as the proofs of Theorems 4.2 and 5.5. □ 

Corollary B is followed immediately by these two propositions. If the alternative i) 
of Proposition 7.7 holds, we can get a Euclidean orbifold structure on Om/g] Otherwise, 
we can use Proposition 7.8 to produce a hyperbolic orbifold structure on Om/g- Either 
way, M/G is a geometric orbifold. We complete the proof of Corollary B. 
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